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1  Introduction 

Many Nigerian doctors, nurses and midwives have emigrated in recent years, a 

movement known locally as "japa". The register of the UK Nursing and Midwifery 

Council shows how fast the movement has grown: the number of Nigeria-trained 
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ABSTRACT 

Nigeria has lost a large share of its health workforce to emigration, and surveys of Nigerian health 

workers link the wish to emigrate with burnout. This paper couples a treatable infection of SIS type to 

a health workforce that is trained, practises and emigrates. Treatment capacity is proportional to the 

practising workforce, and the emigration rate of practising workers rises with disease prevalence, 

which stands for workload. The analysis gives four main results. First, the basic reproduction number 

depends on the workforce only through its disease-free level, which yields explicit critical values of 

the workforce, the baseline emigration rate and the training intake. Second, burnout-driven emigration 

alone can make the bifurcation at the threshold backward, even when treatment does not saturate; an 

explicit index decides the direction, and centre manifold theory confirms it. Third, without treatment 

saturation the fold point, the width of the hysteresis interval and the jump in prevalence are given in 

closed form, and each agrees with an independent numerical computation to at least ten significant 

digits. Fourth, when saturation is moderate, every solution converges to an equilibrium. Numerical 

continuation shows that once control is lost, reducing emigration back to the critical rate does not 

restore it. A global sensitivity analysis shows that burnout leaves the reproduction number unchanged 

but raises the long-run prevalence after a large outbreak. Allowing emigrants to return lowers both the 

reproduction number and the index. The parameter values are illustrative assumptions, not estimates 

for Nigeria, so the numerical thresholds show what the model can do rather than where any real health 

system stands. 
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nurses and midwives on the register rose from 2,796 in March 2018 to 4,310 in March 2021 and to 7,256 in 

March 2022 [13]. In a survey of 913 physicians across 37 states, 43.9% wanted to emigrate [14], and about 

two-thirds of 763 early-career doctors in nine tertiary hospitals planned to do so [1]. The World Health 

Organization (WHO) reports 4.14 medical doctors per 10,000 population in Nigeria for 2024 [24]. For 

comparison, the WHO global strategy on human resources for health used an index of 4.45 physicians, 

nurses and midwives per 1,000 population, that is 44.5 per 10,000, to estimate workforce needs [22]. Nigeria 

is one of the 55 countries on the WHO health workforce support and safeguards list 2023 [21, 23]. 

Emigration and workload reinforce each other. Among 513 Nigerian health workers surveyed in 2023, 

80.1% intended to emigrate, and the intention was associated with having experienced burnout [3]. Among 

280 nurses in government hospitals in south-west Nigeria, 70.6% had job burnout and 89.3% had a strong 

intention to emigrate, and burnout mediated the link between working conditions and the intention to leave 

[2]. When workers leave, those who remain carry more patients. Disease burden is part of that workload, so 

an infection that the health system fails to control raises the pressure on the workforce, and the workforce 

that remains controls the infection less well. The epidemic and the workforce are therefore coupled in both 

directions. 

Epidemic models with limited treatment describe one side of this coupling. Wang and Ruan [20] studied a 

constant removal rate of infectives and found Bogdanov–Takens, Hopf and homoclinic bifurcations. Wang 

[19] used a treatment rate that is proportional to the number of infectives up to a fixed capacity and showed 

that a low capacity produces a backward bifurcation. Zhang and Liu [25] replaced this piecewise rate by a 

saturated treatment function of the form    (    ), which also produces a backward bifurcation. Zhou and 

Fan [27] studied an SIR model with saturated treatment under limited medical resources and found Hopf and 

Bogdanov–Takens bifurcations, and Shan and Zhu [16] let the recovery rate depend on the number of 

hospital beds   through    (     )   (   ) , which produces backward, saddle-node, Hopf and 

Bogdanov–Takens bifurcations. Hsiao and Juang [10] added behavioural change to an SIS model with the 

capacity of Wang [19] and found degenerate Hopf and saddle-node bifurcations of limit cycles; they treat the 

maximum capacity as a parameter that a government can adjust. 

In all of these models the capacity of the health system enters through fixed parameters: a removal rate, a 

capacity, a saturation constant or a number of beds. Their bifurcations arise because the treatment that each 

infected person receives falls as the number of infected people grows while the capacity stays fixed. In the 

present model the capacity is the practising workforce  , a state variable, and the treatment received per 

infected person falls for a second reason: a rising prevalence drives health workers to emigrate, so the 

workforce itself shrinks. This feedback can produce a backward bifurcation even when the treatment rate is 

proportional to the workforce and does not saturate. Section 3.9 makes the comparison precise, and Table 3 

sets the treatment functions and the bifurcations of these models side by side. Models that include health 

workers usually treat them as a group at higher risk of infection, as in the study of SARS-CoV-2 among 

health-care workers by Gozalpour et al. [7]. I have not found a model in which the workforce that provides 

treatment is itself a state variable that grows by training and shrinks by emigration in response to the disease 

burden. 

This paper builds and analyses such a model. A treatable SIS infection is coupled to three workforce 

compartments: trainees, practising health workers and emigrants. The treatment rate is proportional to the 

practising workforce, and the per-capita emigration rate rises linearly with prevalence. I prove five groups of 

results. First, the basic reproduction number depends on the workforce only through its disease-free level, 

which gives explicit critical values of the workforce, the baseline emigration rate and the training intake. 

Second, burnout-driven emigration can by itself make the bifurcation at the threshold backward; the direction 

is decided by an explicit index. Third, when treatment does not saturate, the fold point, the width of the 

hysteresis interval and the jump in prevalence at the threshold are explicit. Fourth, under a condition on the 

saturation constant, every solution converges to an equilibrium. Fifth, numerical continuation and a global 

sensitivity analysis illustrate these results. An extension in Section 3.8 lets emigrants return to practice. Each 

proof displays the intermediate steps, the direction of the bifurcation is confirmed independently by centre 

manifold theory, and every closed-form threshold is checked against an independent numerical computation. 



JPSTMA T. A. Shamaki 29 

The parameter values used in the simulations are assumptions chosen to illustrate the theorems. None of 

them was estimated from Nigerian data, so the numerical thresholds in Section 3 show what the model can 

do rather than where the Nigerian health system stands. Calibrating the model would require estimates of the 

baseline emigration rate   , the burnout sensitivity  , the treatment rate per health worker   and the 

saturation constant  ; Section 3.9 sets out the data that would provide them. Section 2 presents the model and 

the methods. Section 3 contains the analysis, an extension with return migration, the numerical results and a 

discussion. Section 4 concludes. 

2  Materials and methods 

2.1  Model formulation 

I consider a population of constant size. Let  ( ), with    ( )   , be the proportion of the population that 

is infected, so that       is the susceptible proportion. The workforce is measured as a density per 

10,000 population:  ( ) denotes trainees,  ( ) practising health workers who treat the infection, and  ( ) 

the cumulative number of health workers who have emigrated. The model rests on the following 

assumptions. 

(A1) The infection confers no lasting immunity. Susceptible individuals are infected at rate    , and infected 

individuals clear the infection without treatment at rate  . 

(A2) Infected individuals are treated and cured at the per-capita rate    (    ). The constant   is the 

treatment rate per unit density of health workers when the caseload is light, and     describes saturation: 

when    , each infected person waits longer for treatment as prevalence rises. The case     means that 

treatment does not saturate. 

(A3) Trainees enter at rate  , qualify at rate  , leave training at rate    and emigrate during training at rate 

  . Practising health workers leave the workforce for reasons unrelated to the infection (retirement, death or 

change of career) at rate    and emigrate at the per-capita rate      . The constant    is the baseline 

emigration rate, and     measures how strongly emigration responds to the disease burden, which I use as 

a proxy for workload and burnout. 

(A4) Infection of health workers is neglected, and emigrants do not return, so the emigrated class   in 

system (1) has no outflow. Section 3.8 relaxes the second assumption by letting emigrants return to practice. 

Under these assumptions the model is 
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(1) 

with non-negative initial values and  ( )   . Figure 1 shows the flows. All parameters are positive except   

and  , which are non-negative. The variable   does not influence the other equations and only records the 

loss, so I omit it from the analysis of equilibria. I use the notation 

The initial value of the susceptible proportion is   ( )     ( ). Adding the first two equations of (1) 

gives  (   )     , so  ( )   ( )    for all    ; this identity has been used to write     
  (   ) in the second equation. The equation for   is therefore determined by the equation for  , and the 

analysis below works with   alone. The susceptible class appears in Figure 1 because it is the class from 

which new infections are drawn. 
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Here   is the rate at which newly qualified workers join the practising workforce at equilibrium,   is the exit 

rate of practising workers when there is no infection,    is the disease-free workforce, and      is the 

equilibrium prevalence of the infection when nobody is treated. Since  ( )    , system (1) is 

asymptotically autonomous, and its limit system in the variables (   ) is 
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on   *(   )           +. 

 

Figure 1. Flow diagram of model (1). Solid arrows are flows between compartments. The dashed blue arrow 

shows that the practising workforce sets the treatment rate, and the dashed red arrow shows that prevalence 

raises the emigration rate of practising workers. 

2.2  Parameter values and numerical methods 

Table 1 lists the baseline parameter values. Time is measured in years. The values are assumptions chosen so 

that the disease is controlled at baseline (       ) with a disease-free workforce of 20 per 10,000; they 

illustrate the theorems and are not estimates for a particular country or infection. 

Table 1. Baseline parameter values (all values are assumptions made for illustration). 

Symbol Description Value Unit 

  Transmission rate 3.0 per year 

  Clearance rate without treatment 1.0 per year 

  Treatment rate per unit density of health workers 0.15 per (worker per 10,000) 

per year 

  Saturation constant of treatment 0 (varied from 0 to 1.4) dimensionless 

  Training intake 2.0 workers per 10,000 per 

year 

  Rate of qualification (training lasts 5 years) 0.2 per year 



JPSTMA T. A. Shamaki 31 

Symbol Description Value Unit 

 
 
 Rate of leaving training 0.02 per year 

   Emigration rate of trainees 0.02 per year 

 
 
 Exit rate of practising workers (career of 30 years) 1/30 per year 

   Baseline emigration rate of practising workers 0.05 per year 

  Burnout sensitivity of emigration 0.4 per year per unit 

prevalence 

 

Every symbolic identity used in the proofs was checked with SymPy, including the reproduction number, the 

derivatives of the treatment function, the entries, determinant and trace of the Jacobian, the Dulac 

divergence, the centre manifold coefficients and the closed-form thresholds of Theorem 7. Simulations of (1) 

used the LSODA integrator in SciPy with relative tolerance     . Equilibria were computed by locating sign 

changes of the function   defined in (17) on a grid of 4,000 points and refining them with Brent's method. To 

check the closed-form thresholds independently, I computed   
  and    as roots of     , and the folds   

   

and     as roots of      , using bounded scalar optimization and Brent's method with tolerance      . For 

the hysteresis experiment I increased and then decreased    in 81 steps between 0.04 and 0.12, integrating 

for 400 years at each step from the end state of the previous step. To represent imported cases, the prevalence 

was reset to      at the start of a step whenever it had fallen below that value. For the global sensitivity 

analysis I drew 1,000 Latin hypercube samples, varied each parameter uniformly within 50% of its baseline 

value (with         and        ), and computed partial rank correlation coefficients (PRCC) as 

described by Marino et al. [11]. 

3  Results and discussion 

3.1  Basic properties 

Lemma 1. The set   *(       )                     + is positively invariant for (1), and 

every solution starting in   exists for all    . Moreover  ( )     ( ( )    )     , 

       
   

 ( )         
 

       
       

   
 ( )        

   
 ( )      (4) 

Proof. The right-hand side of (1) is locally Lipschitz, so solutions exist and are unique on a maximal interval. 

The  -equation is linear and gives the stated formula. The face     is invariant, and on     I have 

            (   )   , so   cannot leave ,   -. Since        (       )  whenever   
 ,   stays non-negative, and   is non-decreasing. For the bound on  , I drop the non-positive treatment term. 

If    , 

 
  

  
   (   )       (      )  (5) 

so comparison with the logistic equation  ̇    (      ) gives             ; if    , then       
     and  ( )        . For the workforce, the inequalities 

   ( )  (   (      ))  
  

  
   ( )      (6) 

where the left inequality holds for   large enough and any fixed    , compare   with solutions of linear 

equations whose forcing   ( ) tends to  . This gives               , so solutions are bounded and 

exist for all time, and           (   (      )). Letting     completes the proof. ∎ 

3.2  Reproduction number and critical workforce 

Setting     in (1) and putting the derivatives of   and   to zero gives         and        , so 

system (1) has the disease-free equilibrium 

    (       )      
 

  
      

   

 
 

  

   
  (7) 
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Theorem 1. The basic reproduction number of (1) is 

    
 

     
 

      

          
  (8) 

The equilibrium    is locally asymptotically stable if      and unstable if     . 

Proof. The only infected compartment is  . Following van den Driessche and Watmough [18], I split its 

equation into the rate of new infections and the rate of transfer out of  , 

     (   )        
   

    
     

  

  
|
  

       
  

  
|
  

        (9) 

Hence           (     ), and substituting    from (7) gives the second form in (8). The Jacobian 

of (1) in the variables (     ) at    is 

  (  )  (
     

         
       

)  (10) 

It is lower triangular, so its eigenvalues are      ,      and         (     )(    ) , 

which is negative if      and positive if     . ∎ 

Formula (8) shows that the workforce acts on the threshold only through its disease-free level    
   (   ). Solving      for each policy parameter gives the critical values below. 

Corollary 1. Suppose    . Then      if and only if any one of the following equivalent conditions 

holds: 
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If    , then      for all parameter values. 

Proof. By (8),      is equivalent to        , that is,    (   )  . Writing        and 

       , this becomes 
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If    , then         because     . ∎ 

The quantity    is the critical workforce: the infection can invade if and only if the disease-free workforce is 

below   . The critical emigration rate   
  grows linearly with the inflow   of new workers, so a larger 

training programme allows the system to tolerate more emigration. To compare policy levers I use the 

normalized sensitivity index   
   (      )(    )  [9]. Writing      (      )  and 

differentiating, 
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(13) 

where I used           and                . At the baseline values,     (     )      

and         , so a 10% increase in the training intake lowers    by about 7.5%, whereas a 10% decrease 

in the baseline emigration rate lowers it by about 4.5%. 

The threshold      guarantees only local stability, because the workforce shrinks when prevalence rises. 

The next result gives a computable condition for global extinction. 

Theorem 2. Define 
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(       )(       )

  (14) 

Then      
 , with equality if and only if              . If   

   , then every solution of (1) in   

satisfies  ( )   ,  ( )     and  ( )    . 

Proof. The denominator of (14) is at most       , the denominator of (8), with equality exactly when 

             . If    , then  ( )    by Lemma 1. Let     and   
   , that is,     

   ((       )(       ))   . By continuity there is     such that 

        
 

   (      )
(

 

   (      )
  )     (15) 

By Lemma 1 there is    such that  ( )         and  ( )    (   (      ))    for     . Since 

 (   )    and         (      ) , the  -equation gives          for     , so  ( )  

 (  )  (    )   . The  -equation is then asymptotic to           , and  ( )    . ∎ 

3.3  Endemic equilibria and burnout-driven backward bifurcation 

An endemic equilibrium of (1) has      and       . Setting         and         and dividing 

the second equation by    gives 
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(16) 

Substituting the first relation into the second shows that    is a zero of 

  ( )   ( )   ( )    ( )   (   )       ( )  
  

(    )(    )
  (17) 

The function   is the per-capita treatment rate at equilibrium when the prevalence is  , and   is the net per-

capita growth rate of the infection without treatment. Endemic equilibria are therefore the intersections of the 

straight line   with the curve  . 

Lemma 2. If      , then   is strictly decreasing and strictly convex on ,   -, so   is strictly concave; if 

     , then   is linear with slope   . Moreover 

  ( )  (     )(    )     ( )     .  
 

 
/       ( )                (18) 

Proof. Differentiating   twice gives 
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   ,  (    )    (    )(    )    (    ) -

(    ) (    ) 
  

(19) 

Every term in the bracket of    is non-negative and the bracket is positive when      , so      and 

     on ,   -. Since     , I get         . If      , then   is constant and      . At     

I have  ( )          , so  ( )          (     )(    ), and   ( )       ( )  
      (     ). For        I have  ( )     ( ). ∎ 

Theorem 3. The number of endemic equilibria of (1) is as follows. (a) If     , there is exactly one, and it 

satisfies   (  )   . (b) If     , there is one if   ( )    and none otherwise. (c) If     , there are 

none, one or two; two endemic equilibria       satisfy   (  )      (  ) and can exist only if   ( )   . 

Proof. By Lemma 2 all zeros of   lie in the open interval (      ), and a strictly concave function has at 

most two zeros. (a) Here  ( )     (    ), so   has a zero. A second zero would force   to be negative 

between two points where it is non-negative, which is impossible for a concave function with  ( )   . 

Concavity gives   (  )  ( (  )   ( ))      ( )     . (b) Here  ( )   . If   ( )   , then   is 

positive near   and negative at     , so it has exactly one zero; if   ( )   , then     for          by 
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strict concavity (or linearity). (c) Here  ( )   . If   has two zeros      , then     between them and 

strict concavity gives   (  )      (  ); since    is decreasing,   ( )    (  )   . ∎ 

I now take the baseline emigration rate    as the bifurcation parameter and write  (    ). By Corollary 1, 

     exactly at      
 , where          (   ) and              . Substituting these 

values into (18) gives 

 

  (    
 )  (   ) (  
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(20) 

where I used (   )       . The index    decides the direction of the bifurcation. 

Theorem 4. Suppose    . (a) If     , system (1) has no endemic equilibrium for        
  and 

exactly one for      
 ; the bifurcation at   

  is forward. (b) If     , the bifurcation at   
  is backward, 

and there is a unique   
   with     

     
  and the following property: for   

        
  there are two 

endemic equilibria; for      
  there is exactly one; and, if   

    , there is no endemic equilibrium for 

       
   and one double equilibrium at      

  . 

Proof. Since         and          (    )   , the function  (    ) is strictly increasing in 

   for every      . At      
  I have  ( )    and, by (20),   ( )   (    ). (a) If     , then 

  (    
 )   , so  (    

 )    for          by Lemma 2, and monotonicity gives  (    )   (    
 )  

  for all      
 . The case      

  is Theorem 3(a). (b) Let  (  )     * (    )         +. Then   

is continuous, and it is strictly increasing: if  (  )   ( ̂   )  and     ̃ , then  (  )   ( ̂  ̃ )  

 ( ̃ ) . Since   (    
 )   , I have  (  

 )   . Let   
   be the zero of   below   

  if  ( )   , and 

  
     otherwise. For   

        
  I have  (    )     (  ) and  (       )   , so   has exactly 

two zeros by strict concavity. If  (  )    there is no zero, and if  (  )    the maximum point is a 

double zero. ∎ 

The index    has a direct interpretation. The term       measures how much treatment saturates at the 

untreated peak prevalence. The term          is the ratio of the extra emigration rate caused by burnout at 

the untreated peak prevalence to the exit rate of health workers at the threshold. If    , the bifurcation is 

backward exactly when         , that is, when an uncontrolled epidemic would more than double the rate 

at which health workers leave. Burnout-driven emigration is therefore enough to produce a backward 

bifurcation, with no saturation of treatment. If    , the condition reduces to        , which concerns 

treatment saturation alone. 

Remark 1. The direction of the bifurcation can be confirmed with the centre manifold method of Castillo-

Chavez and Song [5]. Take   as the bifurcation parameter;      at         . Write   (     ) and 

let          be the right-hand sides of (1). At      the matrix (10) has a simple zero eigenvalue with right 

and left eigenvectors 

   (       
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     (       )          (21) 

At    the only non-zero second derivatives of    are                   ,              and 

           . The bifurcation coefficients are therefore 
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(  )          

(22) 

At      I have         , so      (   )  with   (      )(     ) , the index (20) 

evaluated at this threshold. Since    , Theorem 4.1 of Castillo-Chavez and Song [5] shows that the 

bifurcation is backward when     and forward when    , in agreement with Theorem 4. 
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3.4  Stability and global dynamics 

Theorem 5. Let (        ) be an endemic equilibrium of (1). The eigenvalues of the Jacobian are     and 

the eigenvalues of the Jacobian    of (3) at (     ), which satisfies 

          (     )   (  )        
  ( (   )         )

     
 (     )  (23) 

Hence the equilibrium is a saddle if   (  )   . If   (  )    and  (   )   , it is locally asymptotically 

stable. 

Proof. The  -equation does not depend on (   ), so the Jacobian of (1) is block triangular with the block 

    and the block 

    (
 (     )    

   

(     ) 
 

   

     

     (     )

)  (24) 

Write     (  )      (     ). The equilibrium relation (16) reads  (    )      . Using it to 

eliminate   from the first entry, 
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  ( (   )         )

     
  

(25) 

Adding      (     ) gives the trace in (23). For the determinant,             , so 

                        (     )  
     (     )

     
        (26) 

On the other hand, by (19),   (  )       (  )       (  (     )    (     )). Multiplying by 

   (     ) reproduces the right-hand side of (26), which proves the formula for      . If   (  )   , then 

        and the equilibrium is a saddle. If   (  )   , then        ; if also  (   )   , then  (  
 )           , so        and both eigenvalues have negative real parts. ∎ 

By Theorems 3 and 5, the unique endemic equilibrium for      and the upper equilibrium    in the 

backward case are stable when  (   )   , and the lower equilibrium    is always a saddle. Under the 

same condition, periodic solutions are excluded. 

Theorem 6. Suppose    ,  (   )    and    *  
     

 + . Then ( ( )  ( )  ( ))  converges to an 

equilibrium for every solution of (1) in  . More precisely: (a) if      
  and  ( )   , the solution 

converges to the endemic equilibrium; (b) if      
  and there is no endemic equilibrium (in particular if 

    , or if      and      
  ), the solution converges to   ; (c) if      and   

        
 , then    

and the upper endemic equilibrium are both locally asymptotically stable, and the solutions that converge to 

the lower endemic equilibrium form a set with empty interior in  . 

Proof. Let   (     ) be the right-hand side of (3) and take the Dulac function  (   )  (    ) (  ) on 

the interior of  . Then 
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so that 
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By Dulac's criterion [15], system (3) has no periodic orbit, homoclinic loop or heteroclinic cycle in the 

interior of  . The face     is invariant, every solution on it converges to (    ), and (    ) is the only 

equilibrium on it, so a cyclic chain of equilibria would have to bound a region in the interior of  , which (28) 

excludes. Since the rectangle ,   -  ,      - is absorbing, the Poincaré-Bendixson theorem shows that 

every solution of (3) converges to one of its finitely many equilibria, all of which are hyperbolic because 

   *  
     

 +  (Theorems 1, 3 and 5). Now consider (1). The pair (   )  solves an asymptotically 

autonomous planar system whose limit system is (3), because   ( )    exponentially. The  -limit set of 

(   )  is compact, connected, invariant and chain recurrent for (3) [12, 17]. Since every orbit of (3) 

converges to one of finitely many hyperbolic equilibria and there is no cyclic chain of equilibria, such a set 

consists of a single equilibrium [26, Chapter 1]. (a) The only equilibria are    and the endemic one. If 

 ( )    and (   )  (    ), then  ( )    for all   and (     )            , so   is eventually 

increasing, a contradiction. (b) Here    is the only equilibrium. (c) Stability of    and of the upper 

equilibrium follows from Theorems 1 and 5. The lower equilibrium is a hyperbolic saddle of the three-

dimensional autonomous system (     ) with a one-dimensional unstable manifold, so its stable manifold is 

two-dimensional and has empty interior. ∎ 

The condition  (   )    in Theorems 5 and 6 has a plain meaning. Since           , it is 

equivalent to        , that is,   (       )     : at the prevalence that an untreated epidemic would 

reach, saturation lowers the treatment rate per infected person to no less than half of its value at a light 

caseload. At the baseline values     and     the condition allows      , which covers every value of 

  used in this paper. It excludes strongly saturating treatment, for which the Dulac argument does not apply 

and periodic solutions are not ruled out. Under the condition and with    , the index (20) is          
 , so the bifurcation is forward; within the range covered by Theorem 6, a backward bifurcation therefore 

requires burnout-driven emigration. 

3.5  Explicit thresholds without saturation 

When treatment does not saturate (   ), the equation     becomes quadratic and the fold can be 

computed explicitly. Write      . Multiplying   by        and expanding, 

 
(    )  ( )  (      )(    )                  

                            
(29) 

The discriminant of this quadratic simplifies to a difference of squares: 

 
  

                                    

  
       (     )         

(30) 

Theorem 7. Let     and    . Then 

    
   

   
     

  
  

 
     (31) 

If     , then 

   
      {   

 √       

 
   }        

 

 
(  √

   

 
)  (32) 

where     is the prevalence at the fold when   
    . For   

        
  the two endemic prevalences are 

      
   √(     )       

   
  (33) 

If   
    , the width of the hysteresis interval and the prevalence of the stable endemic equilibrium at 

     
  are 

      
    

   
(√     √ )

 

  
     (  

 )      (  
 

  
)  (34) 
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Proof. Formula (31) follows from (20) with    ,          and        , and (33) is the quadratic 

formula applied to (29) with (30). The two roots merge when the discriminant (30) vanishes. Since    
    , this happens at 

          √         
 √       

 
  (35) 

which gives   
          (or   if this is negative). The double root is         

 (  ), and 

     
              √      √ ( √  √   )  (36) 

which is positive exactly when        , that is, when     . Dividing by        gives     in (32). 

For the width of the hysteresis interval, 

 

         
  

 
 

 √       

 
 

      √        

  
  

  
(√     √ )

 

  
  

(37) 

Finally, at      I have    
  , so the roots of (29) are   and       

          (  )  

    (      ). ∎ 

Formula (34) shows that the hysteresis disappears as   decreases to       , where     , and that the 

jump in prevalence when control is lost at   
  grows with   . The same computation applies when the 

training intake is the bifurcation parameter. 

Corollary 2. Let    ,    , and fix   . Then      if and only if           . If      , the 

system has two endemic equilibria for         , where 

     
(     ) 

    
       

  

 
      (38) 

If      , no endemic equilibrium exists for     . 

Proof. Setting the discriminant (30) to zero and solving for   gives    . Moreover 

        
(     )       

    
 

(     ) 

    
    (39) 

At      the index is     (    )     (  ). Since   is increasing in  ,   is strictly decreasing in  , 

and the argument of Theorem 4 with   in place of    gives the result. ∎ 

3.6  Numerical results 

At the baseline values of Table 1, formulas (2), (11), (8), (14) and (31) give       and          per 

10,000,        ,   
       and        . Table 2 lists the remaining thresholds. For each one it gives 

the value from the closed-form formula and the value from an independent numerical computation (root 

finding on      or on      ). The two agree to at least ten significant digits. 

Table 2. Thresholds at the baseline parameter values: closed-form formula against independent numerical 

computation. 

Quantity Formula Closed form Numerical 

Critical emigration rate   
  (per year) (31) 0.091667 0.091667 

Fold point   
   (per year) (32) 0.065148 0.065148 

Prevalence at the fold     (32) 0.210231 0.210231 

Prevalence jump at   
  (34) 0.354167 0.354167 

Width of hysteresis interval   (per year) (34) 0.026518 0.026518 

Critical training intake    (per 10,000 per year) (11) 1.333333 1.333333 

Training intake at the fold     (per 10,000 per year) (38) 1.837500 1.837500 
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At baseline the infection is controlled (       ) and, since           
  , no endemic equilibrium 

exists; Theorem 6(b) then gives global convergence to    even though   
        , so Theorem 2 alone 

would not decide the outcome. Because          , a rise in the baseline emigration rate beyond 0.0651 

per year creates a stable endemic state while    remains stable, and a rise beyond 0.0917 per year makes    

unstable. 

 

Figure 2. Burnout turns a gradual loss of control into an abrupt one: for larger burnout sensitivity a stable 

endemic state appears before the reproduction number reaches one. Equilibrium prevalence against the 

baseline emigration rate    for four values of the burnout sensitivity   (   , other values as in Table 1). 

Heavy dots mark stable equilibria and light dots unstable ones; the black line is the disease-free equilibrium 

(solid when stable, dashed when unstable). Open circles mark the folds. The bifurcation is forward for     

and backward for      , in agreement with         . 

Figure 2 shows the bifurcation diagram in   . Since          at the baseline values, the bifurcation is 

forward for     and backward for      ,     and    . The critical value   
  does not depend on  , but the 

fold moves to the left as   grows: for       the interval of bistability is (             ). 
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Figure 3. Once control is lost, bringing emigration back to the rate at which it was lost does not restore 

control. Hysteresis obtained by numerical continuation of model (1). The baseline emigration rate is raised 

from 0.04 to 0.12 (red) and then lowered back (blue); each point is the prevalence after 400 years. The grey 

curves are the stable (solid) and unstable (dashed) endemic branches from Theorem 7. 

Figure 3 shows the hysteresis loop. When    is raised, the infection stays near zero until    passes   
  

      ; in the continuation the jump occurs between the steps          and         , and the 

prevalence reaches about 0.35, as predicted by (34). When    is lowered again, the prevalence follows the 

upper branch and drops to zero between the steps       and      , which brackets   
         . Restoring 

control therefore requires emigration to fall about 29% below the rate at which control was lost. 

 

Figure 4. Below the threshold, small outbreaks die out but a large outbreak can settle into a lasting endemic 

state. Bistability at         (        ). (a) Prevalence for four initial prevalences, with  ( )     and 

 ( )    . (b) Phase portrait of the limit system (3): the black dots are the stable equilibria    and 

(          ), the open dot is the saddle (           ), and the purple curve is the stable manifold of the saddle, 

which separates the two basins of attraction. 
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Figure 4 illustrates Theorem 6(c) at        , where         . Outbreaks that start with prevalence 

0.05, 0.10 or 0.15 die out, while an outbreak that starts at 0.25 reduces the workforce enough to settle at the 

endemic equilibrium with prevalence 0.323 and a workforce of 6.87 per 10,000, about half of the disease-

free level of 14.71. Figure 4(a) also shows that the transition can be slow: after an initial decline, prevalence 

stays below 0.1 for about 50 years before the workforce falls far enough for the infection to take hold. 

 

Figure 5. Bistability needs a strong enough burnout response (a), and treatment saturation widens it (b). (a) 

Regions in the (    ) plane for    : only the disease-free equilibrium (below the red curve and left of   
 ), 

bistability (shaded), and a stable endemic equilibrium (right of   
 ). The dotted line is     . (b) Bifurcation 

diagrams for       and four values of the saturation constant  ; all four satisfy  (   )   . 

Figure 5(a) shows the regions of Theorem 4 in the (    ) plane. Bistability requires                , 

and for   above about 0.54 it extends to the lower edge         of the plotted range. Figure 5(b) shows 

how saturation interacts with burnout. With      ,                , so the bifurcation is forward for 

    and       and backward for       and      . 
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Figure 6. Training intake and emigration together decide whether control is secure, at risk of being lost after 

a large outbreak, or already lost. The policy plane of baseline emigration rate    and training intake   (   , 

other values as in Table 1). Shading shows    from (8). The black line is    from (11) and the red curve is     

from (38); between them both the disease-free and the endemic equilibria are stable. 

Figure 6 combines the two policy levers. The critical line    rises linearly with   , since    (   )(   
  )   (  ). The fold curve     lies above it and the two meet where      , that is, at         
        . The baseline point lies above both curves, but only by a small margin: at         a fall in the 

training intake from 2.0 to below 1.84 per 10,000 per year would already allow an outbreak to become 

endemic, although    stays below one until the intake falls below 1.33. 

3.7  Global sensitivity analysis 

 

Figure 7. Burnout does not change the reproduction number but does change how much infection remains 

after a large outbreak. Partial rank correlation coefficients of    (blue) and of the prevalence after 100 years 

starting from  ( )     ,  ( )    ,  ( )     (red), from 1,000 Latin hypercube samples. 



JPSTMA T. A. Shamaki 42 

Figure 7 shows the PRCC values. For    the most influential parameters are   (PRCC 0.95),   (     ),   

(     ),    (0.76) and    (0.61); the coefficients of   and   are close to zero and not significant (     ), 

as formula (8) predicts. For the prevalence after a large outbreak the picture changes:   has a significant 

positive coefficient (0.20,        ), larger than that of    (0.15). In 70.6% of the samples     , yet in 

7.1% of all samples the infection still persisted after 100 years with prevalence above 0.01 despite     . 

The reproduction number alone therefore does not predict the outcome of an outbreak when emigration 

responds to burnout. 

3.8  Return migration 

Assumption (A4) excludes return migration. To see how return changes the results, let emigrated health 

workers return to practice at rate     and leave the pool of possible returners, through retirement, death or 

permanent settlement abroad, at rate     . The equations for   and   in (1) become 

 
  

  
       (        )    

  

  
     (     )  (    )   (40) 

and   now counts the emigrants who may still return; with     the equation for   is that of (1). Define 

   
  

    
   ̃      

      

    
   ̃           ̃       ̃  

 ̃

 ̃
  (41) 

Theorem 8.Suppose   and    , and let the other parameters be as in (1). (a) At every equilibrium of 

system (1) with the equations (40),    and   ̃ ( ̃   ̃ ). (b) The disease-free equilibrium has   ̃ , 

its basic reproduction number is ̃    (    ̃ ), and it is locally asymptotically stable if ̃   and 

unstable if  ̃   . (c) The endemic equilibria are the zeros      of the function  in (17) 

with , and replaced by ̃, ̃and ̃; hence Lemma 2 and Theorems 3 and 4 hold with these replacements, and 

the direction of the bifurcation is decided by ̃      (   ̃  ̃ )with ̃    ̃ (   ) . (d) If   , 

then ̃    and ̃    ; if in addition   , then ̃    . 

Proof. (a) The equation for   is unchanged, so     . Setting         gives   (     (     ) ) 

(    ) . Substituting this into         gives           (    )  [   (     )(  

  (    ))]   , and     (    )   , which gives (a). (b) Setting     in (a) gives  ̃ . The only 

infected compartment is still  , and the argument of Theorem 1 with    replaced by  ̃  gives  ̃ . At the 

disease-free equilibrium the row of the Jacobian for   has the single non-zero entry       ̃ , on the 

diagonal, so this is an eigenvalue; it is negative if  ̃    and positive if  ̃   . The other three 

eigenvalues are those of the matrix of the linear workforce system in (     ), 

   (

     

  (     )  

     (    )
)  (42) 

The off-diagonal entries of   are non-negative and its column sums are    ,     and    , all negative, so 

by the Gershgorin theorem applied to the columns every eigenvalue of   has negative real part. (c) At an 

equilibrium the treatment term in the equation for   is     (    )    ̃  (( ̃   ̃ )(    )), which is 

the function   of (17) with the replaced parameters; Lemma 2 and Theorems 3 and 4 use only the properties 

of  , and  ̃ increases with    as   does. (d) If    , then    , so  ̃   , and  ̃    because     ; 

hence  ̃     and  ̃    . Finally  ̃  ̃    (   ) (  ̃)   (   ) (  )       when    . ∎ 

Theorem 8 covers the equilibria and the threshold. Theorems 5 and 6 concern the planar limit system (3); 

with return migration,   feeds back into   and the limit system is three-dimensional, so the Dulac argument 

does not apply, and the stability of the endemic equilibria and global convergence have not been established 

for the extended model. 

Return migration therefore acts in two ways: it raises the disease-free workforce, which lowers the 

reproduction number, and it weakens the burnout feedback by the factor  , which lowers the index. For an 

illustration I take         per year, so that emigrants remain possible returners for 20 years on average, 

       ,     and the other values in Table 1. Without return (   ),  ̃        and  ̃      , and 

there are two endemic equilibria with prevalences 0.060 and 0.323, as in Figure 4. With        per year, 
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 ̃        and  ̃      ; with        per year,  ̃        and  ̃      . In both cases the 

bifurcation is still backward, but the fold has moved past        , so no endemic equilibrium exists there 

and the bistability of Figure 4 disappears. The values of   and    are assumptions, not estimates. 

3.9  Discussion 

The analysis has three implications for the interpretation of workforce policy. First, a health system can lose 

control of an infection without any change in transmission, simply because its workforce shrinks. Corollary 1 

gives the critical workforce    and the corresponding critical values of emigration and training intake. 

Second, when burnout makes emigration sensitive to the disease burden and     , keeping    below one 

is not enough: for   
        

  a large outbreak can push the system to a stable endemic state. Third, the 

loss of control is hard to reverse. Once the endemic state is reached, emigration must be reduced to   
  , or 

training raised to    , rather than merely returned to the critical value. Measures that reduce burnout, which 

lower  , leave    unchanged but shrink the interval of bistability and remove it when     . By (13), at 

baseline a given percentage change in the training intake has a larger effect on    than the same percentage 

change in the baseline emigration rate. 

The relation to earlier work should be stated plainly. If the workforce is at its quasi-equilibrium   
  (    ) and    , the treatment term becomes     (    ), which has the saturating form of the 

treatment functions studied by Zhang and Liu [25]. The equilibrium structure of my model is therefore 

related to theirs. What the coupled model adds is the origin of the saturation and its expression in workforce 

parameters: the saturation constant is    , so it is set by the burnout response and the exit rate, and the 

thresholds   
 ,   

  ,    and     are stated in quantities that a health ministry can influence. The model also 

keeps the slow time scale of the workforce, which produces the long transient in Figure 4(a). Backward 

bifurcation has several known causes in epidemic models [4, 6, 8]; the feedback studied here works through 

the capacity of the health system rather than through the biology of the infection. 

Table 3 compares the present model with the fixed-capacity models discussed in the introduction. In each of 

those models the treatment term depends on prevalence through a fixed capacity, a fixed saturation constant 

or a fixed number of beds, whereas here the capacity is the state variable  , and its dependence on 

prevalence comes from emigration. Without saturation (   ) the present model has a backward bifurcation 

exactly when              , a condition stated entirely in workforce parameters. 

Table 3. Treatment or recovery terms and reported bifurcations in models with limited treatment, compared 

with the present model. 

Model Treatment or recovery term What limits treatment Bifurcations reported 
Wang and Ruan [20] constant removal   for     fixed removal rate Bogdanov–Takens, Hopf, 

homoclinic 
Wang [19]    for     ,     for      fixed capacity    backward 

Zhang and Liu [25]    (    ) fixed saturation constant   backward 

Zhou and Fan [27] saturated treatment fixed medical resources Hopf, Bogdanov–Takens 
Shan and Zhu [16] recovery rate    

(     )  (   ) 

fixed number of beds   backward, saddle-node, Hopf, 

Bogdanov–Takens 

Hsiao and Juang [10] capacity of Wang [19] with 

behavioural change 
fixed capacity set by policy degenerate Hopf, saddle-node of 

limit cycles 
This paper     (    ) with   from (1) workforce  , reduced by 

burnout-driven emigration 

backward (with or without 

saturation), closed-form hysteresis 

 

The numerical results rest on assumed parameter values, and this is the main limitation of the study. Four 

parameters decide the thresholds and would have to be estimated before the model could be applied to a real 

health system. The baseline emigration rate    is the annual fraction of practising workers who emigrate 

when the disease burden is low; it could be estimated from annual counts of departures, for example from the 

registers of destination countries such as that of the Nursing and Midwifery Council [13], divided by the size 

of the home register. The burnout sensitivity   is the increase in that rate per unit of prevalence; estimating it 

requires emigration rates together with measures of disease burden or workload over several years, or across 

states or facilities, so that the effect of workload can be separated from other causes of emigration. The 
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treatment rate per health worker   could be estimated from facility records of the number of cases treated per 

worker per year when caseloads are light, and the saturation constant   from how the time to treatment 

lengthens as the caseload rises. Surveys such as [1, 2, 3, 14] show that burnout and the intention to emigrate 

are linked, but they measure intention rather than departures and so do not give   directly. 

The model has further limitations. It neglects infection of health workers, its infection is of SIS type and so 

stands for a treatable disease without lasting immunity, and the emigration rate is assumed to rise linearly 

with prevalence. Return migration is treated only at the level of equilibria and the threshold (Theorem 8). 

4  Conclusion 

I have coupled a treatable SIS infection to a health workforce that is trained, practises and emigrates, with 

emigration that rises with the disease burden. The basic reproduction number depends on the workforce 

through its disease-free level, which yields explicit critical values of the workforce, the baseline emigration 

rate and the training intake. Burnout-driven emigration alone can make the bifurcation backward; the index 

       (      ) decides the direction, and centre manifold theory gives the same criterion. Without 

treatment saturation the fold, the hysteresis width and the jump in prevalence are explicit, and under the 

condition  (   )    every solution converges to an equilibrium. The simulations show that a system that 

loses control of an infection through emigration needs a larger correction than the one that caused the loss. 

Allowing emigrants to return raises the disease-free workforce and weakens the burnout feedback, so it 

lowers both the reproduction number and the index. All parameter values in this study are illustrative 

assumptions; applying the model to Nigeria or to any other health system requires estimates of   ,  ,   and   

from data on departures, workload and treatment, as set out in Section 3.9. 
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