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ABSTRACT

Healthcare systems affected by displacement must allocate scarce resources before demand
is fully known. This study formulates a three-stage stochastic linear programme for primary
healthcare and maternal and newborn health across 177 Nigerian local government areas
and 348 supply hubs. Twelve demand states combine four empirical spatial archetypes with
severity variation. Controlled comparisons distinguish stochastic initial planning, sequential
adaptation and proportional-coverage restrictions. The baseline value of stochastic planning
is approximately 0.000338% of expected loss; primary healthcare and maternal and newborn
health coverage are 37.74% and 70.96%, respectively. Highly correlated demand vectors,
exhausted budgets and shortage-dominated loss accompany the small information gains.
Held-out-archetype tests preserve small advantages for stochastic initial plans. Capacity and
demand perturbations have larger effects at the levels examined, but capacity expansion
at fixed budgets can shift service away from maternal and newborn health. A matched
equal-coverage restriction improves minimum local coverage while reducing aggregate service.
These conditional planning results distinguish information flexibility from resource scarcity
and distributional policy choices.

Keywords: Stochastic programming, healthcare allocation, displacement,
sequential adaptation, resource scarcity.

Mathematics Subject Classification: 90C15, 90C05, 90B50

1 Introduction

Internal displacement changes healthcare needs while resources remain constrained.
Reviews and Nigerian audits document unmet needs and uneven programme
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provision [6, 9]. Geographic accessibility also varies, requiring feasible links between populations and
facilities [1, 19].

This study evaluates a three-stage stochastic linear programme for primary healthcare (PHC) and
maternal and newborn health (MNH) across 177 Nigerian local government areas (LGAs) and 348
supply hubs. Twelve demand states combine four displacement-derived spatial archetypes with severity
variation. Common-input comparisons distinguish stochastic initial planning, sequential adaptation,
geographic allocation restrictions and resource changes. The contribution is empirical evaluation,
not a new optimisation algorithm. The objective is risk-neutral; conditional value-at-risk (CVaR) is
diagnostic. PHC visit-equivalents and MNH delivery-equivalents remain separate service measures.
The quarterly model evaluates deployment rather than treatment timeliness.

1.1 Literature review and research positioning

Mathematical programming connects healthcare objectives to feasible expenditure and delivery choices
[24, 25]. Chalabi et al. [7] incorporate uncertainty and information value into programme allocation.
Stochastic programming links early commitments to later recourse through non-anticipativity [5, 23].
Its value requires common-environment evaluation, rather than comparing objectives from different
demand settings [4, 10].

Healthcare applications represent different uncertainty mechanisms. Yao et al. [28] address activity
durations and care sequencing; Yin and Biiyiiktahtakin [29] model epidemic progression with equity.
Fattahi et al. [11] include sharing and patient transfers, while Baas et al. [2] coordinate hospital
capacity and patient assignment. Kapungu et al. [17] examine stochastic health-insurance financing.
These studies motivate staged decisions but do not establish information value for displacement-driven
service flows over a fixed PHC/MNH network.

Humanitarian pre-positioning separates initial placement from response [21], while evacuation
models connect facilities, budgets and network feasibility [8]. Here, hubs and admissible links remain
fixed. Displacement evidence motivates spatial representation but does not identify universal clinical
calibration coefficients. Accessibility describes potential reach, not utilisation or effective throughput.

Scenario trees represent dependence and information structure [15]. The companion scenario study
[31] preserves observed spatial vectors while scaling severity, leaving unobserved relocation outside
the scenario set. Recent humanitarian models test decisions beyond training scenarios [3, 14]. Our
held-out tests are narrower: they evaluate initial commitments with conditional recourse rather than a
complete policy for arbitrary unseen states.

Risk and equity require explicit definitions. Rockafellar and Uryasev [22] establish CVaR for general
distributions; Yin et al. [30] incorporate it into ventilator allocation. Merely reporting CVaR does not
make an objective risk-averse. Equal amounts, equal coverage and need-based priorities also express
different equity preferences [18]. A matched equal-coverage experiment therefore complements the
separate proportional-planning policy. Table 1 positions the study within this literature.

Table 1: Selected studies and their relationship to the present
allocation problem

Study Setting and method Relevant contribution Distinction in the
present study
Chalabi et al. [7] Healthcare programme Uncertainty and LGA-level physical
allocation; two-stage information value in network and sequential
stochastic optimisation budget allocation resource deployment
Yin and Ebola in West Africa; Links disease uncertainty, FEmpirical
Biiyiiktahtakin [29] multi-stage allocation with resource decisions and displacement-demand
equity equity states rather than

epidemic dynamics

Continued on next page
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Table 1 (continued)

Study

Setting and method

Relevant contribution

Distinction in the
present study

Fattahi et al. [11]

Yao et al. [2§]

Baas et al. [2]

Lawal and Anyiam [19];

Averik et al. [1]

Ekezie et al. [9]

Pandemic systems;
multi-stage planning and
rolling horizon

Patient management;
two-stage stochastic
scheduling

Regional hospitals;
stochastic lookahead

Nigerian primary
healthcare; geospatial
access analysis

Nigerian
displaced-population
settings; empirical audit

Combines resource
sharing, transfers and
capacity options

Coordinates multiple
resources under uncertain
durations

Links room capacity and
patient assignment with
lead times

Measures potential
geographic reach of
facilities

Documents uneven
health-resource provision

Existing PHC/MNH
network with a narrower
allocation action set

Geographic service
allocation rather than care
sequencing

Archetype and severity
information within
quarterly planning

Chooses feasible
allocations subject to
access and capacity

Evaluates allocation
policies using calibrated
spatial demand

2 Materials and methods

2.1 Data and planning system

Appendix A documents the demand-source values and limitations. The calibration follows the compan-
ion scenario study [31]; it supplies planning inputs, not independently validated clinical requirements.

2.1.1 Study geography and data integration

The common panel contains 177 LGAs in Benue, Kaduna, Kano, Katsina, Kogi, Nasarawa, Niger,
Plateau, Sokoto and Zamfara States across IOM DTM rounds R15-R18, giving 708 LGA-round
observations. The fixed geographic set excludes differences caused solely by survey coverage.

DTM displacement records, GRID3 population and facility inputs, and administrative boundaries
are joined through state-LGA keys. Nnanatu et al. [20] document the population release. LGA totals
and population-weighted centroids define demand; supply is grouped by LGA and facility level.

Population remains fixed. Displacement modifies service intensity rather than adding a separate
resident headcount; demand concerns displaced people and host communities sharing services.

2.1.2 Quarterly demand and scenario construction

The quarterly PHC coefficient is exactly 45,000,000/237,527,782. Its approximate value is 0.18945152276966068.
Reported Q2 2025 BHCPF-facility visits and national population have different coverage bases, making
this a planning anchor rather than observed utilisation [12, 27]. MNH uses the 2024 crude birth rate
of 32.493 per 1,000 annually and exact state facility-delivery proportions [26]. Both displacement
premiums are assumed to be 0.50.

Let P; denote fixed LGA population and [;; displaced population in archetype k. Primary demand
and quarterly births are

45,000, 000
; = 2 (Pt 0.501; 1
Hi,PHC) = Hazsor 782( +0.501;1) (1)
| p 32493 &)

* 4,000
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32.493
Wi, MNHk = mFBRsmte(i) (P; +0.501) (3)

Here FBRq1(;) is the exact NDHS 2024 facility-delivery proportion. Division by 4,000 converts
annual births per 1,000 into quarterly births per person. Non-comparable vulnerability and maternal
subgroup fields, including unavailable R16 maternal fields, are excluded rather than zero-imputed.

Table 2: Demand and cost calibration status

Input Model value Provenance and interpretation
45,000,000
PHC quarterly utilisation m Exact ratio of reported
eeh BHCPF-facility quarterly visits to

the national population anchor;
different coverage bases.

Displacement modifiers 0.50 for PHC and MNH Assumed displacement
service-intensity premiums; no
separate IDP headcount addition.

Vulnerability modifiers Excluded from primary demand General vulnerability and maternal
subgroup fields are not sufficiently
comparable across rounds; R16
maternal data are unavailable.

Annual birth rate 32.493 per 1,000 Nigeria, 2024; annual national crude
birth rate [26].

Facility-birth proportion State specific Exact NDHS 2024 Table 9.8
live-birth facility-delivery
proportions; listed in Appendix A.

Severity multipliers 0.90, 1.00, 1.15 Planning stresses applied to
complete archetypes.

Severity weights 0.20, 0.60, 0.20 Design weights; not estimated event
frequencies.

Procurement cost PHC 1.00-1.25; MNH 3.00-3.75 Normalised operating-cost indices,
not observed prices.

Shortage penalty PHC 10; MNH 25 Normative model weights; MNH

alternatives 12.5 and 50 tested in
Section 3.11.

The 708 primary rows expand to 4,248 scenario—LLGA-resource records, with 354 records per
scenario.

Each round supplies one complete spatial archetype. Multipliers 0.90, 1.00 and 1.15 give LOW,
BASE and HIGH scenarios while preserving spatial proportions.

Archetypes each receive weight 0.25. Conditional severity weights 0.20, 0.60 and 0.20 give terminal
weights 0.05, 0.15 and 0.05. These are planning assumptions, not event frequencies. The mean
multiplier is 1.01, not BASE.

2.1.3 Supply hubs and spatial accessibility

The 12,245 represented facilities form 348 hubs: 177 primary, 144 secondary and 27 tertiary. These are
planning aggregates; effective capacity is calibrated separately.

The fixed network contains 885 PHC and 1,416 MNH links, repeated over three periods to form
6,903 allocation-cost records.
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The calibrated network uses distance and effective-speed proxies for accessibility. The regional
capacity stress retains this network; route outages and changing travel conditions are not simulated.
Figure 1 summarises this structure.

Admissible resource-specific links

LGA demand A

\J

Primary hubs

> | LGA demand B
—>[Secondary hubsj

Procurement

Tertiary hubs > | LGA demand C

Separate PHC and MNH balances ¢ Capacity and budget limits in each period

Figure 1: Conceptual allocation network. Procurement feeds aggregated hubs, and service flows only
along admissible resource-specific links to LGA demand nodes. The illustrated links are schematic;
the implemented network contains 885 PHC and 1,416 MNH links. Separate capacity, budget and
cumulative inventory constraints apply

2.1.4 Capacity costs budgets and inventory

Capacity equals represented facility count times nominal throughput times readiness. Quarterly
capacity is partitioned into period shares 0.40, 0.30 and 0.30, giving 2,088 hub-resource—period records.
These are planning proxies, not observed throughput.

Normalised procurement costs are 1.00-1.25 per PHC unit and 3.00-3.75 per MNH unit. Allocation
costs depend on link and period. Shortage penalties are 10 and 25, respectively, uniform across LGAs;
no vulnerability-weighted objective is imposed.

Stage budgets are 90% of full-capacity procurement costs: 2,048,311.83, 1,689,857.26 and 1,920,292.34
cost-index units. Constraints cover procurement plus allocation, so 90% implies neither service coverage
nor capacity utilisation. Values are not Naira estimates.

Initial inventory is zero. Procurement supports current or later service subject to cumulative stock,
capacity and budget limits (Table 3).

Table 3: Planning system dimensions and baseline calibration

Component Specification

Demand system 177 LGAs; PHC and MNH; twelve scenarios

Supply representation 348 hubs: 177 primary, 144 secondary and 27 tertiary

Admissible links 885 PHC arcs and 1,416 MNH arcs

Capacity stages Shares 0.40, 0.30 and 0.30 of quarterly capacity

Initial stock Zero in the baseline

Stage budgets 2,048,311.83; 1,689,857.26; 1,920,292.34 cost-index
units

Shortage penalties PHC: 10; MNH: 25 cost-index units per unmet unit

Continued on next page
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Table 3 (continued)

Component Specification

Procurement cost ranges PHC: 1.00-1.25; MNH: 3.00-3.75 per unit

Empirical panel Four DTM rounds; 708 LGA-round observations

Scenario records 4,248 records; 12 x 177 x 2 (scenarios X LGAs x
resources)

Represented facilities 12,245 facilities aggregated into 348 hubs

2.1.5 Information revelation and physical timing

The tree has one root, four archetype nodes and twelve terminal severity nodes. Decisions coincide
across scenarios sharing an observed history.

All policies retain three physical periods and their resources. TS2 observes archetype but not
severity; STATIC fixes each period across scenarios. Historical rounds are alternative archetypes, not
successive periods (Figure 2).

Quarter-end demand balance imposes no interim service deadlines, waiting times or deterioration.
Information stages therefore do not establish treatment timeliness.

Information stage 1 Unknown archetype and severity

Physical periods 1, 2 and 3 retain capacity shares 0.40, 0.30 and 0.30

TS2 fixes periods 2 and 3 at the archetype node | STATIC fixes all periods at the root

Figure 2: Scenario tree and physical timing. Four alternative archetypes each have weight 0.25;
conditional LOW, BASE and HIGH weights are 0.20, 0.60 and 0.20. Stage 2 reveals the archetype
and stage 3 reveals severity. Historical rounds are alternative states, not successive quarterly periods.
Terminal weights are 0.05, 0.15 and 0.05 within each archetype

2.1.6 Input consistency and interpretation

Checks confirm unique keys, common scenario support, nonnegative demand, severity scaling, consistent
weights, valid network endpoints and matching capacity/procurement keys. Capacity products and
budget benchmarks reconcile. These establish internal consistency, not source validity.
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2.2 Mathematical formulation

2.2.1 Sets parameters and decision variables

Let I be the set of 177 LGA demand nodes, J the 348 supply hubs, R = {PHC, M N H} the resource
classes and T' = {1,2,3} the physical periods. The admissible network is A C I x J x R. Define
Jir ={j : (i,j,7) € A} and I, = {i: (i,7,r) € A}, so sums include only feasible links. A sum over an
empty neighbour set is zero. The finite scenario set is §2, with positive planning weights p,, satisfying
YwePo = 1.

The map n;(w) identifies the information node reached by scenario w in period ¢t. All scenarios
share the root; scenarios belonging to the same archetype share a second-stage node; each terminal
scenario has its own third-stage node. The map k(w) identifies the archetype. Table 4 defines the
remaining notation. Parameters other than demand are deterministic in the baseline; scenario-weight
and resource perturbations are specified separately in Section 2.3.

Table 4: Parameters and variables of the allocation models

Symbol Definition

Ds, Quarterly terminal demand in LGA i for resource r
under scenario w

Kt Effective allocation capacity of hub j for resource r in
period t

By Expenditure limit for each information node in period ¢

IJQT Initial inventory at hub j for resource r

cﬁt, cl-Ajrt Per-unit procurement and allocation cost coefficients

hir Per-unit penalty for terminal unmet demand

Ty Quantity procured at hub j for resource r in period ¢

Yitrt Quantity allocated from hub j to LGA 4 on admissible
link (4, j,7) in period ¢

u, Terminal unmet demand in LGA i for resource r

Cu, Ly Scenario operating cost and total loss, respectively

Fs, Zs Feasible set and optimal expected loss of the

three-stage benchmark

All variables are continuous and data finite and nonnegative. Superscript w indexes scenarios,
with DY = D;,(w). PHC/MNH balances stay separate; shared-node variables implement information
restrictions.

2.2.2 Scenario costs and risk neutral objective

Co=2 | 2D cimafut D clirbfijn | - (4)

teT \jeJreRr (3,3,r)EA
Lo=Cu+ Y. > hypufl, weQ (5)
iel reR
Z3 = min L,. 6
3 (@,5,0)EFs %pw w ( )

Equations (7)—(12) define feasibility. Scenario weights count shared root costs once. No risk-aversion
or vulnerability term enters the objective.
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2.2.3 Demand capacity stock and budget constraints

Quarterly demand balance. For every ¢ € I, r € R and w € (2,

SOy +ul = D (7)
teT jeJir

Equation (7) prevents over-service and resource substitution; it is a quarterly balance.

Effective capacity. For every j€ J,r € R, t € T and w € (Q,

Z y;'djrt < KjTt‘ (8)
i€l
Capacity limits allocation in the specified period. Unused service capacity cannot be carried into
another period. Procurement alone does not create additional service capacity.
Cumulative stock conservation. For the same indices,

t t
Z Z y;’?rﬁ < Ijor + Z:I";r)'rf' (9)
(=1icl;, =1
Stock carries forward but later procurement cannot fund earlier service. Residual stock may remain
unused; transfers, storage limits, deterioration and salvage are absent.
Nodewise expenditure limits. For every t € T and w € (2,

Z Z CJTt‘T]Tt + Z z]rtymrt Bt‘ (10)

jeJTreER (3,5,r)€A
Budgets apply once per information node, without probability scaling or carry-forward. Stock may
carry forward under (9).
Variable domains. For all relevant indices,

x4, >0, Yisre = 0 ((4,5,7) € A), ui. > 0. (11)

No allocation variable is created for a link outside A. A disconnected LGA-resource pair therefore
has all its demand recorded as unmet rather than making the baseline planning problem infeasible.

2.2.4 Nonanticipativity and feasibility

Decisions can use only the information available when they are made. For every pair w,w’ € 2 and
period ¢,

ne(w) = ni(w') = B =85 Y = Y (12)
These equalities cover all hubs and admissible links. Terminal shortages remain scenario-specific.
Lemma 1 Feasibility and demand-compatible early allocations. Under the stated nonnegative-
data assumptions, the benchmark has a feasible solution and a finite attained optimum. Nevertheless,
an arbitrary fixed early allocation need not admit feasible recourse. In particular, any feasible policy
satisfies, at a node n in period ¢,

¢

= “ » < min D 13

Ezzljez(]" yzgré W' €0 (n) ( )

where Q(n) = {w': n¢(w') = n} and w € Q(n). The accumulated allocation is common across these
descendants because their histories through period ¢ coincide.

Proof. Zero procurement/allocation with unmet demand equal to demand is feasible. Its finite loss
and the nonnegative objective imply an attained finite LP optimum. Nonnegative later allocation and
shortages in (7) bound early service by every descendant demand, proving (13). Conversely, zero later
decisions complete any physically feasible history satisfying the bound. Shortages cannot absorb excess
early allocation.
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2.2.5 Restricted adaptation and policy ordering
The two-information-stage policy, denoted T'S2, retains all three physical periods but suppresses the
final severity update. In addition to (7)—(12), impose the following equalities for ¢ € {2,3}:

k‘(UJ) = k(w/) = x;;‘t = l';)rt’ ygdjrt = y;'djrt‘ (14)

Thus third-period quantities can differ across archetypes but cannot differ among LOW, BASE
and HIGH descendants of the same archetype. The static staged policy, denoted ST ATIC, instead
imposes, for all periods and all scenario pairs,

x;'th = 33;}7;57 y;'djrt = y;'djlrt' (15)
STATIC permits different planned quantities in different physical periods; it removes their
dependence on the scenario. Both comparators retain scenario-specific shortages and minimise the
same expected-loss objective. Their feasible sets and optimum values are denoted Fa, Zo and Fy, Zo,
respectively.
Proposition 1 Ordering under restricted information. If all three policies share demand,
probabilities, cost coefficients, capacity, inventory, budgets and accessibility, then

Fo C Fa C F3, Z3 < Zy < Z. (16)

Proof. STATIC satisfies TS2 restrictions, which imply the benchmark restrictions. Physical
constraints and losses remain common. Minimisation over nested feasible sets gives (16); Lemma 1
ensures finite optima.

The inequalities guarantee neither strictly positive benefits nor improvements in each service.
Relative gaps divide by Z3 > 0.

2.2.6 Expected value model and stochastic first stage value

The deterministic expected-value model replaces terminal demand by its probability-weighted mean:

D = Z PuDs; (17)
weN
Let Fgy denote (7)—(11) with D¥. replaced by D;, and all scenario indices removed. It retains the
three periods, network and physical resource limits. Writing C'(x,y) for equation (4) without scenario
indices, solve

Zpy = min Clx,y) + hir Wi - 18

(w,y,ﬂ)Eva[ ( ) ) %7;% ir zr] ( )

Choose an optimal expected-value plan and denote its first-period decisions by Zj.1 and 1.
Evaluate those decisions by restoring the complete stochastic tree and solving

EEV = min{z Pl : (:L‘,y,u) € Fs, $;f)7,1 = f%jrla yfj,,l = j/\ijrl}' (19)
weN
Only first-period procurement and allocation are fixed; later recourse remains adaptive.
Given a first-stage plan satisfying the physical constraints, feasible continuation exists in this model
if and only if

Z Yijr1 < min D3, for every i,r. (20)
€T we
Lemma 1 gives necessity; zero later decisions prove sufficiency. Failure implies infeasible EEV, not
finite VSS.
With RP = Z3, define
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EEV — Z
VSS =EEV —Zs, V8S,u= 100T3 (Z3 > 0). (21)
3
Feasible EEV restricts the benchmark, so VSS is nonnegative. The deterministic objective Zgy
is not EEV. VSS depends on the selected mean-demand optimum; alternatives are not exhaustively

enumerated.

2.2.7 Uniform proportion planning and scenario evaluation

The proportional comparator uses scenario-independent procurement and allocation. Let a; be total
planned service and p, the common planned fraction of mean demand for resource r. Impose

Qjy = Z Z Yijrt = prbim 0<p <1 (22)
teT jeJir
The model retains (8)—(10) without scenario indices and requires nonnegative procurement and
allocation. There is no shortage variable in its planning problem. Equation (22) replaces scenario
demand balance at the planning stage. The implemented objective is

: _ _ 108
min[Cz,y) =M Y pr), M =10" (23)
reR
The finite weight rewards both coverage fractions equally but does not establish exact two-pass
lexicographic optimality.

For the selected plan, evaluated service s., unmet demand and unused planned service wy,. are

s3. = min{a;., D},
ul. = max{D?. — a;., 0}, (24)
wy. = max{a;; — Dj.,0}.

The reported expected loss charges the full planned operating cost and scenario-dependent shortage
penalties:

ZpRop:C(l',y)-i- ZPUJZZ}LZ‘TUZ’;. (25)
weN i€l reR
PROP charges unused planned service without refund or reassignment. It changes the objective
and service accounting, so its gap is not a pure information effect.

2.2.8 Resource expansion and the limits of monotonicity

Proposition 2 Monotonicity under resource expansion. Hold demand, weights, costs, accessibility
and information restrictions fixed. For the benchmark or either restricted-information model, let
Z(K,B,I 0) denote optimal expected loss. If resource bounds increase componentwise, then

K'>K, B'>B, (I>I" = 2z (K’,B’,(IO)’) <7 (K,B,IO). (26)

Proof. Every originally feasible solution remains feasible: only the right-hand sides of capacity,
budget and stock inequalities are relaxed. Demand balance, nonnegativity, information restrictions
and the objective are unchanged. The new feasible set contains the old one, so its minimum cannot be
larger.

Only optimal expected loss is ordered. Individual service outcomes, changed probabilities/demand
and PROP are outside this guarantee.
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2.2.9 Deterministic equivalent and implementation correspondence

Let N, be the information nodes in period ¢, and define ¢, = Zwmt(w):npw for n € N;. Write
gt (x(n),y(n)) for the period-t procurement and allocation cost inside the brackets of (4). The
equivalent node-indexed objective is

min[» > gngi (x(n),y(n)) + > pu Y D> haul]. (27)
teT neNy weN icl reR

Collecting shared path costs gives node weights: one at the root, archetype probabilities at
intermediate nodes and terminal probabilities at leaves. Physical constraints occur once per node;
cumulative stock follows ancestor paths.

2.3 Evaluation and computational design

2.3.1 Policy comparisons and common accounting

Let v denote an evaluated policy and L, its realised base loss in scenario w, calculated using the
procurement, allocation and shortage accounting of Section 2.2. Its expected loss is

7Y = Z oLl (28)
we

The E00 value is ZF% = Z;. Absolute and relative excess losses are reported as

AZY — 7V E00 v o_ Zv_ZEOO
2 =2" =270, G =100 —. (29)

PROP retains baseline evaluation weights but clips planned service at demand, charges its full
costs and does not reassign unused service. Its gap combines objective and allocation-rule effects.
2.3.2 Resource coverage and the composite planning index

For each resource 7, define expected demand D, = Y p, >; Dir(w) and expected unmet demand
U, =3, 00> ul(w). When D, > 0, resource-specific coverage is

CO’U? = M =1 Zw Puw Zz uir(w)

D, YupeyiDu(w)
PROP shortages follow clipped service. Zero-demand aggregates would have undefined coverage.
An auxiliary pooled planning index is defined by

Cov® _1_ Zw Pu T u%)r (w)
comp 2w Pw iy Dir(w)

This pooled index combines unlike service units, depends on measurement scale and is not patient
coverage. Separate PHC/MNH ratios are primary.

Both measures are ratios of expectations. To make the distinction explicit, let dy, = >; Djr(w) > 0
and ¢/, =1— >, u} (w)/dy,. Then

(30)

(31)

Puw drw
Zw’ Dot drw’

Coverage is demand-weighted, not generally the probability-weighted mean of scenario ratios.
Coverage differences use percentage points.

COU? = Zﬁrwcng ﬁrw = (32)
w
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2.3.3 Tail loss under a finite planning distribution

CVaR is calculated from the realised base losses of each evaluated policy, using the same scenario
weights as its reported expected loss. Following Rockafellar and Uryasev [22], for 0 < a < 1,

v : 1 v
CVaRa (L") = min{n + 7= Zw:pw (L, —nl, ), (33)

Here [a]+ = max(a,0). Threshold minimisation evaluates a fixed policy at o = 0.95; it does not
change allocation.
Sort losses Lz(’l) > > LEJN) and their probabilities. For N = 12, successive upper-tail masses are

_ Timaly

ap = min{p(k), 1—a-— Z (lj] 3 CVaR, (L") —a

i<k 4

(34)

Boundary scenarios contribute only the required fraction, giving total mass 1 — a. At baseline each
probability is at least 0.05, so CVaR equals maximum loss. Under reweighting, this holds only when
maximal-loss mass remains at least 0.05. Loss ranking, not HIGH labels, defines the tail; weights are
not estimated rare-event frequencies.

2.3.4 Parameter sensitivity and controlled changes

Table 5 specifies the one-factor changes. Write a sensitivity case as e and let wj and v§ be its archetype
and conditional severity weights. For scenario w = (k, s), capacity multiplier k. and demand multiplier
de, the inputs are

e, e
Wi Vs
)
Zkl7sl w,‘z, ’Use/

Probability cases change weights only; capacity cases scale all hub capacities; demand cases scale
all terminal demands, preserving spatial proportions.

Phs = Ky = ke, Dip(w) = e Dip(w).- (35)

Table 5: Re-optimisation cases and controlled inputs

Case Changed input Inputs retained at baseline

ROBgasg No change All baseline inputs

Puicu LOW, BASE, HIGH weights 0.10,  Archetype weights and physical
0.50, 0.40 system

PrLow LOW, BASE, HIGH weights 0.35,  Archetype weights and physical
0.55, 0.10 system

PRECENT R15, R16, R17, R18 weights 0.10, Severity weights and physical

K80 and K120

D90 and D110

0.20, 0.30, 0.40

Capacity multipliers 0.80 and 1.20

Demand multipliers 0.90 and 1.10

System

Demand, weights, budgets, costs
and initial inventory

Capacity, weights, budgets, costs
and initial inventory

Links, costs and penalties remain fixed. Capacity/demand changes do not reset budgets; every case

is re-optimised under its own inputs.
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2.3.5 Effect sizes and limits of sensitivity interpretation

For case e, let Z, and Covcomp,e be the re-optimised outcomes. Relative to ROBpasE, denoted by
subscript 0, the reported changes are

Ze - ZO
Zy
Loss changes are percentages; coverage changes are percentage points. ROB__BASE reproduces
E00.
Reweighting changes valuation and decisions; demand scaling also changes denominators. These
experiments do not test a committed policy. Capacity expansion guarantees only weak expected-loss
improvement.

Aless =100 ALY =100 (Coveomp.e — COVeompp) - (36)

2.3.6 Computational implementation and reproducibility

Python sparse deterministic-equivalent programmes use SciPy and HiGHS [16], shared-node variables
and reconstructed scenario costs.

The 42 solves include thirteen common allocation/sensitivity runs, 25 baseline, regional, penalty and
held-out runs, and four PROP, duplicated-mean and EQC checks. Repeated baselines are consistency
checks, not independent evidence.

2.3.7 Numerical verification and reporting boundaries

Computations use Python 3.12.14, NumPy 2.3.5, SciPy 1.17.0 and HiGHS 1.8.0 on Linux x86_ 64.
Primal/dual feasibility tolerances are 10~8; other options retain defaults. Logs record status, runtime,
residuals and objective reconstruction.

All solves terminate optimally. The baseline has 55,197 variables, 4,248 equalities, 23,681 inequalities
and 312,015 nonzeros; runtime is 20.07 seconds. Maximum equality, inequality and stationarity residuals
are 5.82 x 1071, 1.40 x 1072 and 1.07 x 10~*; cost reconstruction differs by 1.49 x 10~7.

Across the common allocation/sensitivity block, equality/inequality errors are at most 1.16 x
10710/3.49 x 1079; reconstruction differs by at most 4.75 x 1076, Additional checks are feasible below
107, with objective discrepancies below 107°, substantially smaller than policy gaps. These checks
validate numerical consistency, not calibration or statistical significance.

2.3.8 Validation and spatial outcome design

Scenario dependence uses Pearson correlation, cosine similarity and Euclidean distance between 177-
LGA vectors by resource. Cross-archetype summaries exclude within-round pairs. Spatial coefficients
of variation use population standard deviation divided by mean.

EQC retains the E00 objective, physical system and information structure, adding equal cumulative
service-to-demand ratios across positive-demand LGAs in each resource/scenario. Fixed demands make
ratio equality to a reference LGA linear. Unlike PROP, EQC neither changes the objective nor clips
unused service.

Each held-out test trains stochastic and mean-demand initial plans on three archetypes with
renormalised weights. First-period decisions are fixed on the excluded archetype; later recourse uses
severity weights 0.20, 0.60 and 0.20. A test-aware plan can also change period 1, providing a lower
bound. Shared calibration and nonchronological folds imply conditional transfer, not forecasting.

Regional stresses increase included Kaduna demand by 25% or halve its hub capacity, holding other
inputs fixed. MNH penalties change from 25 to 12.5 or 50 while PHC remains 10. Different penalty
objectives have different valuation scales; resource coverage is the main comparison.

Mapped LGA coverage is expected service divided by expected demand. Mean, median, minimum,
tenth percentile, IQR and Gini give LGAs equal weight. Gini is pairwise absolute differences divided
by twice the LGA count times total coverage. Maps show one optimum; alternatives may change local
allocations.
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3 Results and discussion

3.1 Baseline performance and comparison scale

The risk-neutral benchmark has expected loss of 81.043572 million cost units. PHC coverage is 37.743%
and MNH coverage is 70.959%; these distinct quantities are the principal service outcomes. Baseline
95% CVaR is 98.192488 million, approximately 21.160% above expected loss. The auxiliary composite
index is 38.200306% and its minimum across scenarios is 33.536950%. Section 3.8 reports the cost and
utilisation diagnostics underlying this allocation.

Table 6 retains precision to reveal small model gaps, not to imply equivalent calibration accuracy.
EQC appears separately in Section 3.9.

Table 6: Baseline policy performance

Policy Expected loss Composite CVaRg 95 Excess loss (%)
(million) coverage (%) (million)

E00 81.043572 38.200306 98.192488 0.000000

EEV 81.043845 38.200215 98.193500 0.000338

TS2 81.063988 38.193546 98.231877 0.025192

STATIC 81.065253 38.193127 98.232687 0.026753

PROP 108.641483 12.537687 125.808917 34.053177

3.2 Stochastic first stage planning and sequential adaptation

Mean-demand optimisation gives 81,041,218.18 cost units. Its fixed-first-stage evaluation gives EEV
81,043,845.30 versus E00 81,043,571.63: VSS is 273.678 units (0.000338%). Subtracting the mean-
demand objective instead compares different environments.

EEV lowers composite coverage by 0.000091 points and raises CVaR by 1,012.794 units. Implemen-
tation costs and calibration uncertainty govern practical significance.

Removing final-severity adaptation through TS2 increases expected loss by 20,416.420 cost units, or
0.025192%. Making all three physical periods scenario-independent through STATIC increases expected
loss by 21,681.235, or 0.026753%. Composite coverage falls by 0.006760 and 0.007179 percentage
points, respectively. Figure 3 plots differences from E00 so that these small gaps remain visible without
truncating bars of absolute loss.
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(a) Excess expected loss (cost units) (b) Composite coverage change (pp)
0.000 |  ———
25000 A -0.00009
21681.24 —0.001 -
20416.42
20000 A —0.002 1
—0.003 1
15000 -
—0.004 1
10000 —0.005 1
—0.006 4
5000 —0.007 1 -0.00676
-0.00718
273.68 —0.008 1
0 T T T T
EEV TS2 STATIC EEV TS2 STATIC

Figure 3: Information-related policy comparisons relative to £00. Panel (a) shows excess expected
loss; Panel (b) shows the change in composite planning coverage. Each panel has its own units. EEV
fixes mean-demand first-stage decisions, T'S2 removes final-severity adaptation, and ST ATIC removes
scenario dependence from all physical decisions. Values report the evaluated policy outcomes

Archetype recourse improves STATIC loss by 1,264.815 units; severity recourse improves T'S2 by
20,416.420. Together they equal STATIC-E00; VSS is separate and cannot be added.

A duplicated-branch mean-demand representation reproduces EEV of 81,043,845.304, but does not
exhaust alternative mean-demand optima.

3.3 Performance of the uniform proportion rule

PROP plans PHC/MNH fractions of 11.983206% and 52.237344%. Realised aggregate coverage matches
at reported precision; pooled coverage is 12.537687%, loss 108.641483 million and CVaR 125.808917
million.
PROP exceeds E00 loss by 34.053177% and reduces pooled coverage by 25.662619 points (Figure
4).
Expected loss (million) Composite coverage (%) CVaR 95 (million)

120 A 140 A
108.641 40 38.200 125.809
120 A
100 A

80 A

60

40 A

20 1

EOO PROP EOO PROP EOO PROP

Figure 4: E00 and the implemented proportional policy. The panels report expected loss, composite
planning coverage and C'VaRg g5. Lower loss is preferable; higher composite coverage indicates a larger
pooled planning fraction. The comparison includes differences in planning objective and unused-service
accounting as well as the uniform-proportion restriction; it is not a pure information-value comparison

The PROP gap combines proportionality, its planning objective and charged unused service. It
neither isolates local bottlenecks nor establishes ethical superiority.
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3.4 Sensitivity to scenario weights
Table 7 and Figure 5 report re-optimised sensitivity against ROB__BASE, which reproduces E00.
Table 7: Re-optimised expected loss and composite coverage
Case Expected loss Composite Loss change Coverage PHC MNH
(million)  coverage (%) (%) change (pp) coverage (%) coverage (%)
ROBgase 81.043572 38.200306 +0.000 4-0.000 37.743 70.959
Puign 85.921209 36.746895 +6.019 -1.453 36.305 68.390
Prow 77.386018 39.367995 -4.513 +1.168 38.898 73.008
PreceENT 81.062948 38.194272 +0.024 -0.006 37.737 70.950
K80 88.832132 30.763294 +9.610 -7.437 30.194 71.509
K120 80.367262 40.226266 -0.835 +2.026 40.788 0.000
D90 68.737255 42.435845 -15.185 +4.236 41.936 78.195
D110 93.360400 34.731700 +15.198 -3.469 34.312 64.810

HIGH reweighting raises loss by 6.019% and lowers pooled coverage by 1.453 points; LOW lowers
loss by 4.513% and raises coverage by 1.168 points. RECENT raises loss by 0.024%.
Probability effects combine reweighting and re-optimisation; RECENT is not a forecast or estimated

trend.

Expected-loss change (%)

D110 A

D90 1-15.185

K120 A

K80 ~

P_RECENT A

P_LOW -

P_HIGH -

15.198

-20

D110 4

D90 A

K120 7

K80

P_RECENT ~+

P_LOW

P_HIGH -

Composite coverage change (pp)

-7.437

-1.453

4.236

-10.0 -7.5 -5.0 -2.5

T

0.0

T T

2.5 5.0

Figure 5: Re-optimised sensitivity relative to ROBpasg. Expected-loss changes are percentages and
composite-coverage changes are percentage points. Orange marks an adverse change in the displayed
aggregate metric and blue a favourable change. The perturbations have different magnitudes and
meanings, so the bars are not standardised elasticities or a causal ranking of input importance

3.5 Capacity and demand sensitivity

K80 raises loss by 9.610% and lowers pooled coverage by 7.437 points. K120 lowers loss by 0.835% and
raises coverage by 2.026 points, consistent with Proposition 2.
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Capacity effects are asymmetric under fixed budgets. K120 raises PHC coverage to 40.788% but
eliminates MNH service. Expected-loss improvement need not benefit both services; mandatory floors
require a separate comparison.

D90 lowers loss by 15.185%; D110 raises it by 15.198%. PHC/MNH coverage is 41.936%),/78.195%
and 34.312%/64.810%, respectively. Ratios reflect changed denominators; uniform scaling does not
test relocation.

3.6 Tail loss and minimum scenario coverage

Table 8 reports CVaR and minimum pooled scenario coverage. The latter is neither minimum LGA
coverage nor necessarily associated with maximum loss.

Table 8: Tail loss and minimum scenario coverage under sensitivity

Case CVaRg g5 CVaR change (%) Minimum scenario

(million) coverage (%)
ROBgask 98.192488 +0.000000 33.536950
Pricu 98.192404 -0.000085 33.536975
Prow 98.178937 -0.013800 33.536901
PreceNT 98.192488 +-0.000000 33.536950
K80 105.900839 +7.850245 27.037325
K120 97.531951 -0.672696 35.311917
D90 84.158969 -14.291846 37.258809
D110 112.233104 +14.299074 30.489918

HIGH and LOW change CVaR by only -0.000085% and -0.013800%, despite larger mean-loss
changes. Minimum scenario coverage remains approximately 33.537% (Figure 6).
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I CVaR 95
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Change from baseline (%)
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Figure 6: Expected-loss and tail-loss responses to re-optimised parameter changes. Each percentage
uses its own baseline metric as denominator. Table 8 reports near-zero tail changes more precisely.
CVaR is a post-solution diagnostic, and reweighted cases use the fractional-tail calculation in Section
2.3.

Capacity/demand changes have larger tail effects (Table 8). These diagnostics do not establish risk
aversion or performance outside the scenario support.

3.7 Interpretation of the comparative evidence
Information restrictions, allocation rules and resource changes answer different questions. Their gaps
cannot be combined into one measure of stochastic value.

3.8 Why the value of information is small

Shortages contribute 93.018% of baseline loss, procurement 6.614% and allocation 0.368%. All node
budgets are exhausted; expected PHC/MNH capacity utilisation is 86.965%/68.278%. Only 17.645%
of allocation variables exceed 10~7 units.

The 17,314 inequalities binding within 10~ include zero-capacity and redundant rows, not inde-
pendent causal bottlenecks. Budgets can bind while capacity remains unused.

Table 9: Cross-archetype similarity of demand vectors

Resource Pearson correlation Cosine similarity Spatial CV
PHC 0.99992508-0.99998979 0.99997803-0.99999686 0.643967-0.644976
MNH 0.99994693-0.99999419 0.99997444-0.99999714 0.923883-0.926670

Cross-archetype correlations exceed 0.99992508 for PHC and 0.99994693 for MNH (Table 9; Figure
7). Positive scaling gives unit within-archetype correlation/cosine similarity. The common population
base partly explains alignment, without establishing homogeneous displacement.
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Figure 7: Pearson correlations across the twelve scenario demand vectors, separately for PHC (a)
and MNH (b). S01-S03 correspond to R15, S04-S06 to R16, S07-S09 to R17 and S10-S12 to R18,
each ordered LOW, BASE and HIGH. The colour scale runs from 0.999 to 1.000 to reveal the small
differences. Positive severity scaling leaves within-archetype correlations unchanged

3.9 Resource coverage and the matched proportional restriction

Table 10: Matched comparison under a common expected loss

objective
Policy Loss (million) PHC coverage MNH coverage Excess loss (%)
(%) (%)
E00 81.043572 37.742762 70.959458 0.000000
EQC 108.641755 11.983206 52.237345 34.053513

EQC raises loss by 34.054% to 108.641755 million, with PHC/MNH coverage 11.983206% and
52.237345%. Only equal coverage is added, isolating its conditional cost. PROP differs by 272.006
units despite similar aggregate coverage. EQC node budgets are only 0.400-86.068% utilised.

Table 11: Distribution of LGA expected coverage ratios

Policy Class Mean (%) Median (%) Min (%) P10 (%) IQR (pp) Gini

EO00 PHC 46.977 43.080 2.407 16.723 35.180 0.29800931
EQC PHC 11.983206 11.983206 11.983198 11.983204  0.000000 0.00000007
E00 MNH 82.292 98.247 6.086 44.689 30.277 0.14994316
EQC MNH 52.237344 52.237344 52.237307 52.237340  0.000002 0.00000006

EQC raises minimum PHC/MNH coverage from 2.407% and 6.086% to approximately 11.983%
and 52.237%, reducing aggregate service and dispersion (Table 11). Expected ratios can differ slightly
because scenario demand weights vary by LGA. Figures 89 map one E00 optimum.
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PHC planning outcomes across the 177 study LGAs

Expected demand Expected allocated service
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Figure 8: PHC outcomes for the F00 solution. Demand (top left), service (top right) and unmet
demand (bottom left) are scenario-weighted quarterly visit-equivalents; coverage (bottom right) is their
resource-specific ratio at LGA level. Panels use separate value scales, with coverage fixed at 0-100%.
White gaps lie outside the common 177-LGA study set.
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MNH planning outcomes across the 177 study LGAs
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Figure 9: MNH outcomes for the FE00 solution. Quantities are scenario-weighted quarterly facility-
delivery-equivalents. The coverage panel uses the same 0-100% scale as the PHC map, while quantity
scales remain resource specific. These are model allocations under the specified network, not observations

of patient access

3.10 Held out archetype evaluation of first stage plans

Table 12: Conditional evaluation on the excluded archetype

Held out SP loss EV minus SP SP minus PHC (%) MNH (%)
(million) (cost units) test-aware
(cost units)
R15 80.958843 129.025 0.081 37.769 71.010
R16 81.085818 125.068 0.079 37.730 70.936
R17 81.019507 126.271 1.966 37.751 70.953
R18 81.110124 125.411 3.156 37.722 70.939

All eight held-out evaluations are feasible. Stochastic plans improve loss by 125.068-129.025 units
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over training-mean plans, lying 0.079-3.156 units above test-aware lower bounds (Table 12). Four
related folds do not support statistical generalisation.

Later recourse is optimised on the excluded archetype. Shared calibration and nonchronological
training limit interpretation to conditional transfer of initial commitments.

3.11 Regional stresses and normative penalty sensitivity

Table 13: Regional and penalty experiments

Case Own objective PHC coverage (%) MNH coverage (%)
(million)

Baseline 81.043572 37.743 70.959

Kaduna demand 4+25% 86.099776 36.246 68.711

Kaduna capacity —50% 82.940178 35.724 76.551

MNH penalty 12.5 80.439492 37.743 70.959

MNH penalty 50 81.903735 37.303 81.443

Kaduna demand stress raises loss by 6.239%, reducing PHC/MNH coverage to 36.246%/68.711%.
Halved Kaduna capacity raises loss by 2.340%; PHC falls to 35.724% while MNH rises to 76.551%
through reallocation. This does not make disruption beneficial.

Halving the MNH penalty leaves aggregate coverage unchanged at reported precision; doubling it
raises MNH to 81.443% while PHC falls to 37.303%. Penalties are normative, not monetary or clinical
exchange rates; own-objective values are not directly comparable.

3.12 Discussion
3.12.1 Information value and decision flexibility

Aligned spatial demand, exhausted budgets and shortage-dominated loss accompany small information
gains without identifying a single causal bottleneck. Flexibility should be judged against available
actions and implementation costs.

3.12.2 Allocation rules and geographic equity

Efficiency and geographic distribution must be reported together. Equal coverage, service floors and
vulnerability priorities require separate evaluation. PHC and MNH coverage remain primary because
the pooled index combines different service units and cannot establish patient access or fairness.

3.12.3 Resource sensitivity and adverse outcomes

Capacity expansion can favour PHC while eliminating MNH under fixed budgets and stated penalties.
Proposition 2 guarantees only expected-loss improvement. Resource-specific safeguards and intervention
costs should accompany capacity planning.

3.12.4 Limitations and planning implications

Four related rounds and severity scaling do not span arbitrary relocation. New rounds, dependence
ablations and policies for unseen information states are needed. Kaduna stresses are illustrative, not
exhaustive.

Quarter-end balances omit clinical deadlines; distance/effective-speed links and readiness-adjusted
capacities are proxies. Numerical verification does not validate surveys, population aggregation or
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clinical coefficients. Maps show one optimum and VSS one selected mean-demand plan. Prospective
planner validation remains necessary.

4 Conclusion

The model separates stochastic initial planning, later adaptation and resource changes across 177
Nigerian LGAs. Information gains are positive but small under the calibrated scenarios. Resource
perturbations have larger tested effects; capacity expansion at fixed budgets can eliminate MINH.
Held-out results support only conditional transfer of initial commitments.

Exact equal coverage improves local minima while reducing aggregate service and increasing
loss. Joint reporting of efficiency, resource-specific service and geographic distribution is essential.
Operational conclusions require validated inputs, explicit distributional priorities and evaluation on
new spatial conditions.
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Appendix A Demand parameters and source provenance

The PHC anchor divides Q2 2025 BHCPF-facility visits by national population, with different coverage
bases [12, 27]. It does not validate LGA utilisation or aggregation. The 2024 annual crude birth rate is
32.493 per 1,000 [26].
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NDHS 2024 Table 9.8 reports facility-delivery percentages for live births in the preceding two years
[13]. Exact percentages are divided by 100. Observed institutional use can understate unmet obstetric
need.

Table A1 Exact state facility-delivery proportions used in primary demand

State NDHS source (%) Model proportion
Benue 59.0 0.590
Kaduna 25.9 0.259
Kano 32.7 0.327
Katsina 15.8 0.158
Kogi 62.2 0.622
Nasarawa 55.7 0.557
Niger 30.2 0.302
Plateau 45.7 0.457
Sokoto 12.5 0.125
Zamfara 15.3 0.153

The 708 primary rows expand to 4,248 terminal records using multipliers 0.90, 1.00 and 1.15.
Population is fixed; displacement enters only through the intensity premium.

Excluded subgroup fields are non-comparable; R16 maternal data are unavailable. Source limitations
include non-unique site identifiers, category differences, an unresolved R15 date discrepancy and R18
full/common-panel IDP totals of 1,378,124/1,318,021. These concern external validity rather than
numerical feasibility.
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